
NOTATION 

T, temperature, T = (T - Tw)/T0, dimensionless temperature; ~, concentration of absorbate in solution 
(mass fraction); Tw, wall temperature; d, b, constants determining state of saturation on liquid-vapor inter- 
face; C = (~ -dT w- b)/C0, dimensionless concentration; y=y'/6; x=x'a/v62 = (I/RePr) �9 (xV/~); Le=a/D, Lewis 
number; Pr = v/a, Prandtl number; Re = Vh/~, Reynolds number; a, thermal diffusivity; D, diffusion coefficient; 
ra, heat of absorption; Cp, specific heat; X, thermal conductivity; ~, viscosity; p, density of solution; gh, gm, 

m 

dimensional heat and mass fluxes, respectively; Tav , Car, average values of temperature and concentration 
over cross section of film; Qhs, Qhw, dimensionless heat fluxes through film surface and solid wall; Qm, 
dimensionless mass flux through film surface. 
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A solution of the nonsta t ionary  Stefan p rob l em is p resen ted  for bodies of plane,  cyl indr ica l ,  
and spher i ca l  s y m m e t r y  in applicat ion to p r o c e s s e s  of diffusion in terac t ion  between meta ls  
and a gaseous  oxidative medium.  

The kinetics of meta l  in terac t ion  with gases  is usually studied (see [1], for instance) by g r a v i m e t r i c  (by 
the change in spec imen  weight), vo lume t r i c  (by the quantity of absorbed gas),  meta l lographic  (by the per iodic  
m e a s u r e m e n t s  of the th ickness  of the r eac t ion -p roduc t  f i lms ) , and  c a l o r i m e t r i c  (by the quantity of heat l iberated 
by the react ion) methods.  Hence,  spec imens  of a different  geomet r i c  shape (plates,  wi res ,  spher i ca l  pa r t i c l e s ,  
etc.) were  used in t es t s .  In this connection, it is in te res t ing  to analyze the question of the influence of the 
g e o m e t r i c  shape  of the spec imens  used on the regu la r i ty  of reac t ion  diffusion. Some resu l t s  of such an analysis  
based on an assumpt ion  of a s t a t ionary  dis t r ibut ion of the reagent  concentra t ion in the product  f i lm are  con-  
tained in [2-4]. This quest ion is analyzed in this pape r  in the genera l  case  of nonsta t ionar i ty  of mass  t r a n s f e r  
through the r eac t ion -p roduc t  f i lm. 

w 1. S t a t e m e n t  o f  t h e  P r o b l e m  

Within the f r a m e w o r k  of the c l a s s i ca l  theory  of reac t ion  diffusion [5], which is based  on the assumpt ion  of 
the l imit ing ro le  of t r a n s f e r  of the gaseous reagent  through the reac t ion-produc t  f i lm, the p r o c e s s  is descr ibed  
by a nonl inear  Stefan p rob lem,  which has the following fo rm for  bodfes of finite s ize  but different  geomet r i c  
shape 

"ac D ( OZc n Oc ) 
a--~ = ax 2 " x Ox ' r ~ x ~ R ,  (1.1) 

C 1 - -  C 2 t = O  c---c,  - ( R - - x ) ,  R - - r = e ( ( R ,  
R - - r  

C 2 

(1.2) 

x =  R c = c v (1.3) 

x = r  c = c , ,  (1.4) 

d ( R - - r )  m Oc �9 (1.5) 
dt Ox ~=~ 
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Here n is the symmet ry  pa ramete r  of the domain, n=0 is a plate, n = l  is a cylinder,  and n=2  is a sphere.  
Condition (1.2) corresponds  to the existence of a thin film on the specimen surface at the initial instant. 

The following assumptions were made in writing the sys tem (1.1)-(1.5): 

1) Dissolution of the reagent in the metal is not considered (the solubility of the gas in the metal is 
assumed to be zero,  and the whole interaction reduces to the formation of the product film); 

2) the change in specimen volume during film growth is not taken into account (the possibil i ty of such an 
assumption while examining the interaction between metals and gases results  f rom an analysis of resul ts  in 
[6]); 

3) the coefficient of diffusion is assumed independent of the concentrat ion of reagent. 

It is easy to obtain 
R 

1 yxnAH(c) dx, (1.6) AHq = ~3; 

r 

R 

Ams=-~,~xnAm(c)dx (1.7) 

r 

for the quantity of l iberated heat AH s per unit specimen surface,  and the mean surface  increment  in mass  &ms 
due to the formation of the product film. A linear approximation for the quantities LH(e) and Am(c), 

Am (c) = AH~ --  (AH1 - -  AfI2) cl - -  c , (1.8) 
C I - -  C 2 

Am(c)= Atnl c. (1.9) 
Cl 

can be used to evaluate the integrals in (1.6 and (1.7). The relationship (1.8) results  f rom ca lo r imet r i c  mea-  
surements  on the earbidization and nitriding of t ransi t ion metals [7] and reflects  the presence  of a l inear nature 
of the dependence of the magnitude of the thermal  effect of the react ion on the nonmetal  concentrat ion in the 
film within the limits of the homogeneity domain of the react ion-product  phase. 

The se l f - s imi l a r  solution of the problem (1.1)-(1.5) is widely known (see [8], for instance) for plane 
symmetry .  There  are  no such solutions for cyl indrical  and spher ica l  symmetry .  Hence, in order  to obtain 
computational empir ica l  formulas for the rate  of film growth, the heat liberation, and gain in weight of speci-  
mens of different geometr ic  shape, the sys tem (1.1)-(1.7), converted to dimensionless form,  was solved on an 
electronic computer .  In dimensionless form (1.1)-(1.7) are  rewri t ten as follows: 

o3)i 02q n C)rl 
; , 1 - - Z ~ . ~  t, 

0T o~2 ~ o~ 

-~=0  ~1=1-----1--~ , Z = e ' ~ I ,  
Z 

~ =  1 - - z  n = o ,  

dZ 1 On! 

I 

Q8 = t" ~" (n + Oo) d~, 
I - - Z  

l j. I ~" (n + no) db 
I +n0 

I - - Z  

H~ 

(1.10) 

(1.11) 

(1.12) 

(1.13) 

(1 i14) 

(1.15) 

(1.16) 

Here 

C - -  C 2 . 

C 1 - -  C 2 

Dt 
R~ 

x .  6 _ - - ;  ~ - - - - _ ,  z - - , Q , =  
R R 

AH s 
R (AH 1 -- AH z) 
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II~-- hm~ , Qo AH2 
" - -  ; ~lo-- 

R A m  1 AH x - -  A H  2 

g2 

C 1 - -  d 2 

w  K i n e t i c s  o f  D i f f u s i o n - L a y e r  G r o w t h  

In the quas i s t a t ionary  approximat ion  (OT/O~ -= 0) it is easy  to obtain 

n = 0 ;  2 Z -  K , ( 1 - - n )  , 
(1 - -  z ) [ ( 1  - -  Z ) " - L l l  

(2,1) 

n =  1 2 =  K, (2.2) 
( z  - -  1) In (1 - -  z )  

for  the growth ra te  of the d imens ionless  f i lm thickness  Z f r o m  the s y s t e m  (1.10)-(1.14) for  different geomet r i c  
shapes ,  where K ,  = 7~ 1 is the f i Im g r o w t h - r a t e f a c t o r i n  the quas i s ta t ionary  mode. 

P r o c e s s i n g  the r e su l t s  of the numer i ca l  solution of the initial  nonsta t ionary  s y s t e m  of equations showed 
that  in the genera l  case  the in terac t ion  law can be r ep resen ted  for the th ree  shapes under considera t ion  in the 
f o r m  

Z = (2),m,,(z, ~o). (2 .3 )  

Here  (Z) ,  is the in te rac t ion  law obtained in the quas i s t a t ionary  approximat ion [ formulas  (2.1) and (2.2)], and 
~On( Z, ~0) is a function taking account of the effect of  nonsta t ionar i ty  in the mass  t r a n s f e r  through the r eac t ion-  
product  f ihn.  Numer ica l  computat ions yield for the function ~o n 

%(Z '  ~~ ( 1"04 V0'2262% )2[ 1@ 1/_2~ oA'~ l n (1 - -Z ) ]  . (2.4) 

For  n = 0, 1, and 2 the coeff icient  A n equals,  r e spec t ive ly ,  Ao= O, A 1 = 0.153, A 2 = 0.235. 

T h e r e f o r e ,  taking account of nons ta t ionar i ty  in the mass  t r a n s f e r  in the case  of plane s y m m e t r y  (A 0 = 0) 
reduces  just  to a change in the magnitude of the constant  in the kinetic law of f i lm growth. An additional func- 
tion, dependent on the f i lm thickness  Z, appears  for  the other  shapes.  

The e r r o r  in computing the f i lm growth ra te  Z by means of (2.3) and (2.4) is p resen ted  in Table  1 and it 
does not exceed 5%. The fo rmulas  have been se lec ted  in the range 70 = 0.75-10, which cor responds  to a r ea l  
change in the p a r a m e t e r  70 resul t ing f r o m  an analysis  of the m e t a l - g a s  phase  d iagrams  [9]. 

$ 
In the plane s y m m e t r y  case ,  the t i m e  for  the product  f i lm to reach  the cen te r  (Z = 1) of the spec imen  ~-n 

r e su l t s  f r o m  (2.3) and (2.4) as 

2K,% (rl o) (2.5) 

P r o c e s s i n g  the r e su l t s  of the numer i ca l  computat ion fo r  the cyl indr ical  and spher ica l  s y m m e t r y  yields 
,~' = 0.12 + 0.259 ~ o, (2.6) 

~r2 = 0.10 + 0.177%. (2.7) 

The e r r o r  in (2~ and (2.7) does not exceed 2%. 

Analyzing the resu l t s  obtained, the following must  be noted. 

a) The d imens ionless  ra te  of f i lm growth Z for  a given geomet r i c  shape is a function of the single p a r a m -  
e t e r  r~ which is the re la t ive  width of the domain of phase  homogeneity of the react ion  product.  As 770 ~ (the 
domain of homogenei ty is smal l ) ,  we have Z ~ 0 .  In this case  a quas i s ta t ionary  mode of p r o g r e s s  of the phenom-  
enon can be expected in this case  for fixed values  of-the concentra t ion on the f i lm boundaries .  As r ~ 0  ( large 
domainof  homogeneity) ,  Z --* ~o a n d t h e p r o e e s s  is essen t ia l ly  nonsta t ionary.  There fo re ,  the poss ib i l i ty  of a quas i -  
s t a t ionary  approximat ion  is governed by the magnitude of the p a r a m e t e r  ~ .  It can be assumed  that for 70 > 7~ 
the f i l m - g r o w t h p r o e e s s  is quas i s ta t ionary ,  while it is nonsta t ionary  for 70 < 7~. The value of r~ is given by 
s ta r t ing  f rom the magnitude of the accuracy  requ i red  in computing Z. It follows f rom (2.3)-(2.4) with not m o r e  
than a15% e r r o r  in the r a t e  Z t h a t :  n=0  r ~ = l . 8 ,  n = l  r~=3.2  (for values Z_<0 .5) ,n=2  7~=4.1 (Z_<0.5)'. 

b) The geome t r i c  shape of the spec imen  exer t s  an essen t ia l  influence on the fo rm of the kinetic curves  
Z(Z). The dependences Z(Z) a r e  presented  in Fig. 1 for  the th ree  shapes  under considera t ion,  obtained by in te-  
grat ing the initial  s y s t e m  of equations on an e lec t ronic  computer .  It is hence seen that if Z inc reases  monotoni-  
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T A B L E  1. 

E l e c t r o n i c  C o m p u t e r  and U s i n g  (2 .1) - (2 .4)  

Parameters Velocity values I ~] 
computer 1 formula calculations 

_ z oale,la- I 
( 2 . l ) ,  (2.2) 

n ~% 

1 

0 

3 

C o m p a r i s o n  of  R e s u l t s  f r o m  C a l c u l a t i o n  o f  IZ[ on an  

7,70 
2,6 
1,56 
1,1 

0,1 
0,3 
0,5 
0,7 

I0 
3,33 
2,00 
1,43 

3,35 
1,37 
1,09 
1,18 

(2.3), (2.4) 

3,70 
1,59 
1,33 
1,59 

7,75 
2,58 
1,55 
1,11 

Errors ia formulas, % 

3,29 
1,36 
1,09 
1,20 

0,1 
0,3 
0,5 
0,7 

(2.]) 

35 
28 
28 
30 

(2 .3)  

10,5 
16 
20 
35 

O, 1 3,07 3,33 3,00 8,5 2 
0,3 1,01 1,11 0,98 10 2 
0,5 0,61 0,66 0,60 8,2 2 
0,7 0,43 0,48 0,428 11,6 0,5 

O, 1 8,02 10,5 8,00 29 0 
0,3 2,95 4,01 2,93 36 0,5 

1 0,5 2,03 2,89 2,00 42 1 
0,7 1,78 2,78 1,76 56 1 

1 
0,! 3,12 3,46 3,11 II 0,3 

3 0,3 1,18 1,32 1,17 12 1 
0,5 0,827 0,95 0,810 14,5 1 
0,7 0,755 0,92 0,750 22,5 1 

0,1 8,65 l l , l t  8,40 28 2,9 
1 0,3 3,40 4,76 3,38 40 0,5 

0,5 2,59 4,00 2,60 54 0,04 
0,7 2,62 4,76 2,66 82 1,5 

2 

3 

8 

0 :r D,8 Z 

Fig. 1. The dependence Z(Z) 
for a plate, cylinder, and 
sphere for the value ~0 = 1. 

2,0 
0,7 
0 
1,5 

c a l l y  f o r  p l a n e  s y m m e t r y  a s  Z g r o w s  ( a c c o r d i n g  to a p a r a b o l i c  l aw) ,  t h e n  t h i s  q u a n t i t y  p a s s e s  t h r o u g h  a m i n i -  
m u m  f o r  a c y l i n d e r  and a s p h e r e .  In t h e  l i m i t  c a s e  Z ~ 0  ( th in  f i l m s ) ,  t h e  k i n e t i c  c u r v e s  f o r  a l l  t h r e e  s h a p e s  
a r e  i d e n t i c a l .  An  a n a l y s i s  o f  (2 .3) - (2 .4)  s h o w s  tha t  t h e  l i m i t  v a l u e s  of  t h e  f i l m  t h i c k n e s s  Z .  , f o r  w h i c h  t h e  d i f -  

f e r e n c e  in  t h e  m a g n i t u d e s  o f  t h e  r a t e  Z fo r  the  c y l i n d e r  and s p h e r e  does  no t  e x c e e d  15% c o m p a r e d  to  t h e  p l a t e ,  

d e p e n d  w e a k l y  on t h e  p a r a m e t e r  ~0 and in t h e  r a n g e  ~0 = 1 - ~ ,  e q u a l ,  r e s p e c t i v e l y ,  n = 1, Z .  = 0 . 3 0 - 0 . 2 6 ;  n = 2,  

Z .  = 0 . 1 7 - 0 . 1 3 .  

w 3 .  K i n e t i c s  o f  H e a t  L i b e r a t i o n  a n d  I n c r e a s e  i n  S p e c i m e n  W e i g h t  

In considering the regularities of heat liberation and the increase in specimen weight during reaction dif- 
fusions it is expedient to perform an analysis of the phenomena in the quasistationary approximation before 
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0,~ 0,8 

Fig.  2. The dependence  of  (~s/Z on 
Z for a plate ,  cy l inder ,  and sphe re  
fo r  Q0=3.5 ,  r /0=l;  sol id l ines c o t -  
r espond  to a computa t ion  using (3.2) 
and (3.3) while the dashes  c o r r e -  
spend to a computa t ion  on an e l e e -  
t r o n i c  compu te r .  

execut ing a n u m e r i c a l  computa t ion  on 
fol lowing r e su l t s  f r o m  (1.10)-(1.16):  

a) For  the r a t e  of  heat l ibe ra t ion  Qs:  

the  e l e c t r o n i c  compute r .  In the q u a s i s t a t i o n a r y  approx ima t ion  c a s e ,  the 

n = 0  Q - 1 - } -  2Q~ z, (3.1) 
2 

1 
n I (28 = -~ f~(a, Z)Z, (3.2) 

1 n = 2  Qs =~- f2(  ~, Z)Z; (3.3) 

b) fo r  the r a t e  of  i n c r e a s e  of  s p e c i m e n  weight  fi s : 

n = 0  j ]~_ t + 2 %  2 ,  (3.4) 
2 (1 -r- no) 

n = 1 n~ = I f~(~, Z ) Z ,  (3.5) 
2 (1 __ 1]0 ) 

n = 2 rI~-  1 f2(a, Z)Z. (3.6) 
3 (1 4- rto) 

F o r  the cy l inde r  and sphe re ,  the funct ions fn(~,  Z) he re  equal ,  r e spec t i ve ly ,  

1 - - Z  1 - - ( 1  - - Z )  2 
f~ = 2a(1 --Z)~, @ 

ln(1 - - Z )  2(1 - -  Z) lnZ(1 - - Z ) '  

f2 = 3~(1 --z)~ + s - z  
2 

The p a r a m e t e r  is c~=Q0 in the e x p r e s s i o n  for  the h e a t - l i b e r a t i o n r a t e ,  while it is c~ = ~0 for  the r a t e  of s p e c i m e n  
weight  gain. 

It is seen  from. the r e l a t ionsh ips  (3.1)-(3.6) tha t  if the ra t io  of the r a t e  of  heat l ibe ra t ion  ( spec imen  weight  
gain) and the f i lm growth  is a cons tan t ,  then this  ra t io  depends on the s u r f a c e  c u r v a t u r e  for  cy l i nd r i ca l  and 
s p h e r i c a l  s y m m e t r y :  as the f i lm th ickness  Z g rows ,  the r a t e  of  heat l ibe ra t ion  ( spec imen  weight  gain) d imin -  
i shes  m o r e  r ap id ly  than the f i lm growth ra te .  The na ture  of  this dependence is shown in Fig.  2, where  the 
r e s u l t s  of a computa t ion  us ing  (3.2) and (3.3) a r e  c o m p a r e d  with the data of  a n u m e r i c a l  in tegra t ion  on an 
e l ec t ron i c  c o m p u t e r .  In the l imi t  c a s e  Z - -  0, the e x p r e s s i o n s  for  the heat l ibe ra t ion  r a t e  and the gain  in s p e c i -  
men  weight  ag ree  for  c y l i nd r i c a l  and s p h e r i c a l  s y m m e t r y  with the re la t ionsh ip  for  a pIate ,  which a re  wr i t ten  
in d imens iona l  f o r m  as 

d (AHs) __ A-H d6 (3.7) 
dt dt 
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d(Ams)  _ ~ d__66 , (3.8) 
dt (It 

where AH= (AH i +AH2)/2; Am = [(c 1 + c2)/2](A ml/cl) , i .e. ,  in this  ca se  the resu l tan t  hea t - l ibe ra t ion(weigh tga in)  
ra te  cor responds  to the a r i thmet ic  mean  value of the t h e r m a l  effect of the reac t ion  (weight gain) within the 
domain of phase homogenei ty of the reac t ion  products .  

The resu l t s  of a numer ica l  computat ion of the init ial  s y s t e m  (1.10)-(1.16) on an e lec t ronic  computer ,  
some of which a re  i l lus t ra ted in Fig. 2, exhibited good accuracy  for the re la t ions  (3.1)-(3.6). 

There fo re ,  for plane s y m m e t r y  the kinetic equation in the heat l iberat ion (gain in spec imen weight) c o r -  
responds  to a parabol ic  type, while the change in the hea t - l ibe ra t ion  (weight gain) ra te  is descr ibed by the r e l a -  
tions (3.2), (3.3), (3.5), (3.6), (2.3), and (2.4). 

In conclusion, let us note that  in an exper imen ta l  study of the kinetics of d i f fus ion- layer  g rowthonbod ies  
of cyl indr ica l  and spher ica l  s y m m e t r y ,  the un iversa l  kinetic informat ion (independent of the cha r ac t e r i s t i c  s ize  
of the specimen)  holds only up to definite values  of the re la t ive  f i lm thickness  (the l imit  values of the th ickness  
a re  p resen ted  in the text  in the case  of the cyl inder  and sphere) .  For th icker  f i lms ,  a pa s sage  to the l imit  to 
the cha rac t e r i s t i c  body dimension R ~ ~ should be p e r f o r m e d  in the kinetic equation establ ished exper imenta l ly .  

NOTATION 

c, nonmetal  concentrat ion in the f i lm; cl, c 2 values of the concentra t ion at the upper and lower boundaries  
of the domain of p roduc t - f i lm homogeneity;  t, t ime;  R; cha rac t e r i s t i c  body dimension;  r ,  coordinate  of the 
f i l m - m e t a l  boundary;  6, f i lm th ickness ;  D, coefficient  of diffusion; AH1, AH 2 heat of format ion  of one mola r  
volume of MeXy on the upper  and lower boundaries  of the homogeneity domain; Aml,  Am2, mass  inc rements  
cor responding  to the nonmetal  concentra t ion in the f i lm on the upper  and lower boundaries  of the homogeneity 
domain. 
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